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1 List of illustrations

• Page 4: Table 1. Mean squared error versus iteration number;

• Page 4: Table 2. Mean squared error versus communication energy;

• Page 5: Figure 1. Approximation ratios of the semidefinite approximation method;

• Page 5: Figure 2. Optimized receive SNR.

2 Statement of the problem studied

This project considers a class of nonconvex quadratic optimization problems involving both in-
teger and continuous variables. These nonconvex optimization problems are strongly motivated
by applications in optimal motion planning, resource management of unmanned or micro aerial
vehicles (UAV/MAVs) for joint target estimation and tracking, where collision avoidance and the
mean squared estimation error minimization naturally lead to nonconvex quadratic constraints and
a quadratic objective function. The integer variables arise due to assignment of UAV/MAVs to
targets. This project also considers other applications and extensions of mixed integer quadratic
optimization problem which include cardinality constrained quadratic programs (QP) and the low
rank matrix completion problems.

The project addresses a fundamental question regarding the mixed integer quadratic programs
(MIQP): how to find a provably high quality approximate solution efficiently? Given the non-
convex nature of the problem, two relaxation approaches are considered: one is based on convex
semidefinite relaxation (SDR), while the other is based on quasi-convex relaxations. For SDR, a
new probabilistic rounding procedure is proposed to account for both the binary and continuous
variables. The performance of this rounding procedure will be analyzed in order to determine when
the corresponding SDR can deliver a constant factor approximation ratio for the mixed integer
nonconvex QPs. In contrast to the classical mixed integer nonlinear programming approaches, no
convexity is assumed for the subproblem when some integer variables are fixed.

The following theoretic aspects of the mixed quadratic optimization problem have been studied.

• The focus of our study is on the approximation bounds of the SDP relaxation
for both problems.

1
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The minimization model. Consider the following MBQCQP problem:

min
w∈FN ,β

∥w∥2

s.t. wHHiw ≥ βi · 1 + (1− βi) · ϵ, i ∈ M (2.1)∑
i∈M

βi ≥ Q,

βi ∈ {0, 1}, i ∈ M

where F is either the field of real numbers R or the field of complex numbers
C, M = {1, · · · ,M}, β = (β1, · · · , βM )T , Hi (i = 1, · · · ,M) are N × N
real symmetric or complex Hermitian positive semidefinite matrices, ∥ · ∥
denotes the Euclidean norm in FN , M and Q are given integers satisfying
1 ≤ Q ≤ M , and ϵ is a given parameter satisfying 0 ≤ ϵ ≤ 1. Throughout,
we use the superscriptH to denote the complex Hermitian transpose. Notice
that the problem (2.1) can be easily solved either when N = 1 or M = 1,
by solving a maximum eigenvalue problem. Hence, we shall assume that
N ≥ 2 and M ≥ 2 in the rest of the paper. We note that problem (2.1) is in
general NP-hard, due to the fact that one of its special cases with Q = M
is NP-hard.

The maximization model. Another interesting case of the MBQCQP
problem takes the maximization form as follows:

max
w∈Fn,β

∥w∥2

s.t. wHHiw ≤ βi · ϵ+ (1− βi) · 1, i ∈ M (2.2)∑
i∈M

βi ≥ Q, βi ∈ {0, 1}, i ∈ M

where 0 ≤ ϵ ≤ 1 and 1 ≤ Q ≤ M . The above MBQCQP problem (2.2) arises
naturally in the interference suppression problem in radar or wireless com-
munication. Here, the interference suppression is captured by the constraints
(2.2), in which the constants ϵ and 1 represent two distinctive suppression
levels. The optimization problem becomes the one that maximizes the gain
of the antenna array while suppressive undesirable interferences.

For these nonconvex mixed integer QPs, we propose Semidefinite relaxation
approaches to solve these problems and analyse their approximation perfor-
mance.

• In another related work, we study the problem of optimally partitioning the
transmit nodes into cooperation groups of a wireless system, while at the
same time designing their cooperation strategies. We focus on two related
network settings in which either multiple nodes cooperatively transmit to a
receiver, or a single node transmits to the receiver with the help of a set of
cooperative relays. In both cases, the cooperative nodes are allowed to form
a virtual antenna system, and they can jointly design the virtual transmit
beamformers. More specifically, our objective is to find a subset of cooper-
ative nodes (with given cardinality) and their joint linear beamformers so

2
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that the system performance measured by the receive signal to noise ratio
(SNR) is maximized. We formulate the problem as a cardinality constrained
quadratic program and study its computational complexity. Furthermore,
we develop novel semi-definite relaxation (SDR) algorithms for this mixed
integer quadratic program and prove that they have a guaranteed approxi-
mation performance in terms of the gap to global optimality, regardless of
channel realization. Compared to the existing SDR algorithms and their
analysis which focus on quadratic problems with continuous variables, our
work deals with mixed-integer cardinality constrained quadratic optimiza-
tion problems and therefore has a significantly broader scope.

These results provide not only useful insights on the semidefinite relaxation strategy for the mixed
integer quadratic optimization but also simple resource allocation and user-base station associa-
tion algorithms that are practically implementable in a large scale military MIMO communication
system.

3 Summary of the most important results

Significant progress has been made on several fronts:

3.1 Semidefinite approximation for mixed binary quadratically constrained
quadratic programs

Motivated by applications in wireless communications, this work develops semidefinite programming
(SDP) relaxation techniques for some mixed binary quadratically constrained quadratic programs
(MBQCQP) and analyzes their approximation performance. We consider both a minimization and
a maximization model of this problem. For the minimization model, the objective is to find a
minimum norm vector in N -dimensional real or complex Euclidean space, such that M concave
quadratic constraints and a cardinality constraint are satisfied with both binary and continuous
variables. By employing a special randomized rounding procedure, we show that the ratio between
the norm of the optimal solution of the minimization model and its SDP relaxation is upper bounded
by O(Q2(M −Q+1)+M2) (resp. O(Q2(M −Q+1))) in the real case and by O(M(M −Q+1))
(resp. O(Q(M −Q+1))) in the complex case when the given parameter ϵ satisfies 0 < ϵ < 1 (resp.
when ϵ = 0). For the maximization model, the goal is to find a maximum norm vector subject to a
set of quadratic constraints and a cardinality constraint with both binary and continuous variables.
We show that in this case the approximation ratio is bounded from below by O(ϵ/ ln(M)) for both
the real and the complex cases. Moreover, this ratio is tight up to a constant factor in general case.

Table 1 shows the average ratio (mean) of vmin
UBQP/v

min
SDP over 300 independent realizations of i.i.d.

real-valued Gaussian hi, (i = 1, · · · ,M) for several combinations of M , Q and N . The maximum
value (max) and the standard deviation (Std) of vmin

UBQP/v
min
SDP over 300 independent realizations are

also shown in Table 1. Table 2 shows the corresponding average value, maximum value and the
standard deviation of vmin

UBQP/v
min
SDP for F = C. These results are significantly better than what is

predicted by the worst-case analysis. In all test examples, the average values of vmin
UBQP/v

min
SDP are

lower than 4 (resp. lower than 3) when F = R (resp. when F = C).

3
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Table 1. Mean and standard deviation of the approximation ratio over 300 independent realizations
of real Gaussian i.i.d. hi (i = 1, · · · ,M), when F = R.

M Q
N = 4 N = 8

max mean Std max mean Std

M = 8
Q = M/4 3.7394 2.0348 0.2266 4.3387 2.0392 0.2948
Q = M/2 3.9420 1.7972 0.1828 3.5232 1.7378 0.1475
Q = 3M/4 4.6973 1.7863 0.3921 4.5721 1.8130 0.3428

M = 12
Q = M/4 4.9450 2.2191 0.2451 3.9625 2.1710 0.2304
Q = M/2 5.8068 2.0639 0.4564 4.3483 2.0204 0.3241
Q = 3M/4 7.7829 2.5970 1.3075 9.7150 2.8277 1.9578

M = 16
Q = M/4 4.2703 2.2977 0.2410 4.2980 2.2117 0.1972
Q = M/2 7.3115 2.4463 0.9348 7.8240 2.4166 1.1345
Q = 3M/4 10.715 3.2272 2.3823 10.621 3.7786 2.8760

Table 2. Mean and standard deviation of upper bound ratio over 300 independent realizations of
real Gaussian i.i.d. hi (i = 1, · · · ,M), when F = C.

M Q
N = 4 N = 8

max mean Std max mean Std

M = 8
Q = M/4 4.8049 2.3720 0.2790 4.3579 2.4239 0.2757
Q = M/2 3.7344 1.9308 0.1443 3.4477 1.9243 0.1477
Q = 3M/4 2.7549 1.5812 0.0769 2.4477 1.5860 0.0818

M = 12
Q = M/4 4.0557 2.4986 0.1938 3.7851 2.4657 0.1998
Q = M/2 3.2911 2.0301 0.1483 3.2867 2.0567 0.1190
Q = 3M/4 2.6007 1.6451 0.0800 3.1609 1.6693 0.0860

M = 16
Q = M/4 3.8170 2.5778 0.1647 4.2616 2.5852 0.1757
Q = M/2 3.6268 2.0908 0.0932 3.7761 2.0729 0.1065
Q = 3M/4 2.9218 1.8024 0.1044 3.6056 1.8344 0.1432

4
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3.2 Joint User Grouping and Linear Virtual Beamforming: Complexity, Algo-
rithms and Approximation Bounds

In a wireless system with a large number of distributed nodes, the quality of communication can
be greatly improved by pooling the nodes to perform joint transmission/reception. In this work,
we consider the problem of optimally selecting a subset of nodes from potentially a large number
of candidates to form a virtual multi-antenna system, while at the same time designing their joint
linear transmission strategies. We focus on two specific application scenarios: 1) multiple single
antenna transmitters cooperatively transmit to a receiver; 2) a single transmitter transmits to a
receiver with the help of a number of cooperative relays. We formulate the joint node selection
and beamforming problems as cardinality constrained optimization problems with both discrete
variables (used for selecting cooperative nodes) and continuous variables (used for designing beam-
formers). For each application scenario, we first characterize the computational complexity of the
joint optimization problem, and then propose novel semi-definite relaxation (SDR) techniques to
obtain approximate solutions. We show that the new SDR algorithms have a guaranteed approx-
imation performance in terms of the gap to global optimality, regardless of channel realizations.
The effectiveness of the proposed algorithms is demonstrated via numerical experiments.

In Fig. 1–2 we plot the performance of the proposed relaxation algorithms for different sizes
of the network. For a given network size, we choose Q = 10 and let N = 5. For each network
(Q,M) pair, the algorithm is run for 500 independent realizations of the network. We again plot
the maximum, the minimum and the averaged approximation ratios achieved among those 500
realizations. We see that the proposed algorithm achieves very low worst-case approximation ratio,
which suggests that high SNR performance is obtained for almost all Monte Carlo runs.
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Figure 1. Approximation ratio for admis-
sion control with different network sizes. M ∈
[10, 20, 30, 40, 50, 60, 70], Q = 10, P = −10dBW, N = 5.
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Figure 2. Receive SNR for admission control with
different network sizes. M ∈ [10, 20, 30, 40, 50, 60, 70],
Q = 10, P = −10dBW, N = 5.
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